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DONALDSON-THOMAS INVARIANTS OF 2-DIMENSIONAL SHEAVES
INSIDE THREEFOLDS AND MODULAR FORMS
AMIN GHOLAMPOUR AND ARTAN SHESHMANI
ABSTRACT. Motivated by the S-duality conjecture, we study the Donaldson-Thomas
invariants of the 2-dimensional Gieseker stable sheaves on a threefold. These sheaves
are supported on the fibers of a nonsingular threefold X fibered over a nonsingular
curve. In the case where X is a K3 fibration, we express these invariants in terms
of the Euler characteristic of the Hilbert scheme of points on the K3 fiber and the
Noether-Lefschetz numbers of the fibration. We prove that a certain generating
function of these invariants is a vector modular form of weight −3/2 as predicted
in S-duality.
1. INTRODUCTION
1.1. Overview. We study the invariants virtually counting the configurations of a
number of points and a vector bundle supported on the members of a system of
divisors inside a nonsingular threefold. One of our motivations is that these invari-
ants have been studied by the physicists [DM07, GSY07, GY07, OSV01, VW94] as a
set of supersymmetric BPS invariants associated to D4-D2-D0 systems. By S-duality
conjecture, the generating series of these invariants are expected to be modular.
In this paper we interpret these invariants by means of the moduli spaces of
Gieseker stable coherent sheaves with 2-dimensional support inside a nonsingular
threefold X. Another motivation for considering these moduli spaces is to find a
sheaf-theoretic analog of the formulas proven in [MP13] that relate the Gromov-
Witten invariants of a threefold to the Gromov-Witten invariants of a system of its
divisors.
1.2. Moduli spaces of 2-dimensional sheaves. Let X be a nonsingular projective
threefold over C with a fixed polarization L. For a given nonzero effective irre-
ducible divisor class F ∈ Pic(X), we fix a Chern character vector
(1) ch = (0, rF,γ, ch3) ∈ ⊕
3
i=0H
2i(X,Q),
with r > 0. If F is a coherent sheaf with ch(F) = ch then, F is supported on
some divisor with the numerical class r′F where r′ | r. We always assume that any
Gieseker L-semistable sheaf F with ch(F) = ch is stable.
We consider the moduli spaceM =ML(X, ch) of Gieseker L-semistable sheaves
with Chern character ch. By our assumption, M is projective and the geometric
points correspond to the isomorphism classes of stable (hence pure) 2-dimensional
sheaves with Chern character ch. It is proven in [Tho00] that M admits a perfect
obstruction theory if
Ext3(F ,F)0 = 0
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for any geometric point F ∈ M, where the index 0 indicates the trace free part of
Ext3(F ,F). In this case, Thomas constructs (Theorem 2.3) a natural perfect obstruc-
tion theory E• → L•M such that
hi(E•∨)F ∼= Ext
i+1(F ,F)
for i = 0, 1. By [BF97, LT98] one obtains a virtual cycle
[M]vir = [M, E•]vir ∈ Avd(M)
where vd = ext1(F ,F)− ext2(F ,F) is the virtual dimension ofM.
In this paper, we only consider the case vd = 0. The Donaldson-Thomas invari-
ants are then defined by
(2) DT(X, ch) = deg([M]vir) ∈ Z.
When X is a Calabi-Yau threefold, the obstruction theory above is symmetric (and
hence vd = 0), and by Behrend’s celebrated result DT(X, ch) = e(M, νM) where
νM is the Behrend’s constructible function ([Beh09]).
Besides Calabi-Yau threefolds, as we will see in Section 2 (see Proposition 2.2),
another important situation in which vd = 0 occurs is when
(⋆i) the nonsingular projective threefold X admits a surjective morphism
(3) π : X → C
with irreducible fibers to a nonsingular projective genus g curve C,
(⋆ii) KX ∼= π
∗K for some K ∈ Pic(C),
(⋆iii) F in (1) is the class of a fiber,
(⋆iv) any Gieseker L-semistable sheaf F with ch(F) = ch as in (1) is stable.
This paper is devoted to a detailed study of the moduli spaceM = ML(X, ch)
and the invariants DT(X, ch) in the latter situation. M can have several irreducible
components of different dimensions. In the case that (3) is a smooth morphism, we
find explicit formulas for the restrictions of [M]vir to these components.
1.3. Noether-Lefschetz numbers. In case the fibration (3) is a smooth K3 fibration,
[MP13] defines the Noether-Lefschetz numbers NLπh,γ as intersection numbers in
the moduli space of quasi-polarized K3 surfaces, and relates them to the invariants
defined by Kudla-Millson [KM90] and Borcherds [Bor99, Bor98]. Here X does not
need to be projective, and the line bundle L on X is only required to give a quasi-
polarization when restricted to each fiber (see [MP13, Section 1.2]).
Let ℓ = F · L2, and γPD ∈ H2(X,Z)π with L · γ = d. Informally, NLπh,γ is the
number of the fibers i : S →֒ X of π for which there exists a (1, 1) class β ∈ H2(S,Z)
such that
β2 = 2h− 2 and i∗β
PD = γPD.
Here PD stands for the Poincare´ dual. It is proven in [MP13] that NLπh,γ vanishes if
h > 1+ d2/2ℓ, and
(4) NLπh,γ = NL
π
h+d+ℓ/2,γ+F·L.
For NLπh,d = ∑
γPD ∈ H2(X,Z)π
L · γ = d
NLπh,γ, define
Φπd (q) = q
1+d2/2ℓ ∑
h∈Z
NLπh,dq
−h,
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and set
Φπ(q) =
ℓ−1
∑
d=0
Φπd (q)vd ∈ C[[q
1/2ℓ]]⊗C[Z/ℓZ].
Then, Φπ(q) is a vector valued modular form of weight 21/2 [MP13, Bor98, Bor99].
1.4. Main results. Ourmain application is the casewhen the fibration (3) is a smooth
K3 fibration. The condition (⋆ii) above is then immediate. Let
k = deg(K)− 2g+ 2.
We consider a slightly more general situation in which X is only locally projective
overC;M(X, ch) and DT(X, ch) can still be defined (see Remark 2.15). Then, we ex-
press DT(X, ch) in terms of the Euler characteristic of the Hilbert scheme of points
on a K3 surface and the Noether-Lefschetz numbers:
Theorem 1. Let π : X → C be a smooth K3 fibration with the fiber class F. For the Chern
character vector ch as in (1) satisfying (⋆iv) above, we have
DT(X, ch) = ∑
h∈Z
e(Hilbh−rch3−r
2
(K3)) · NLπh,γ
− kδ0,γ · e(Hilb
1−rch3−r
2
(K3)),
where δ0,γ is the Kronecker delta function.
The proof of Theorem 1 follows the same ideas as the proof of Theorem 1 in
[MP13], and is given in Section 2.2. Using (4) and the formula above, wewill deduce
a curious symmetry among the invariants DT(X, ch) (see Corollary 2.16).
Now we set r = 1 in ch and take the K3 fibration X above to be projective, but
we allow X to have finitely many nodal singular fibers. We will prove that a certain
generating function of the invariants DT(X, ch), for which ch0 = 0 and ch1 = F are
fixed and ch2, ch3 are summed over, is a vector modular form of weight −3/2. This
confirms the prediction from S-duality mentioned above (see [GST14, Section 4]).
More precisely, let
Pd,c(m) = (ℓ/2)m
2 + dm+ c
be a degree 2 polynomial in m with c, d ∈ Z. We let
DTL(X, Pd,c) = ∑
γ, ch3 s.t.
ch = (0, F, γ, ch3)
PL(ch) = Pd,c
DT(X, ch),
where PL(ch) is the Hilbert polynomial associated to the Chern character vector ch.
Note that since r = 1, for any choice of γ and ch3, the Chern character vector ch
satisfies (⋆iv) above. Define the generating series
Zd(X, q) = q
1+d2/2ℓ ∑
c∈Z
DTL(X, Pd,c)q
−c,
Z(X, q) =
kv0
∆(q)
+
ℓ−1
∑
d=0
Zd(X, q)vd ∈ C[[q
1/2ℓ]]⊗C[Z/ℓZ]
where ∆(q) = q∏n≥1(1− q
n)24 is the discriminant cusp form of weight 12. Note
that tensoring by L±1 induces isomorphisms of the moduli spacesM(X, ch), so the
generating series Zd(X, q) and Zd±ℓ(X, q) only differ by a shift in the power of q.
We associate to X a (not necessarily projective) K3 fibration π˜ : X˜ → C˜with nonsin-
gular fibers. For this, we take a double cover of X branched over the singular fibers,
and then we resolve the conifold singularities of the resulting threefold (see Section
2.3 for more details). Theorem 1 can be applied to X˜. We then use degeneration
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techniques to express the invariants of X in terms of the invariants of X˜. As a result,
we obtain the following theorem:
Theorem 2. Let π : X → C be a K3 fibration with finitely many of the fibers having nodal
singularities. Then,
Z(X, q) =
Φπ˜(q)
2∆(q)
.
The proof of Theorem 2 is given in Section 2.3. To our knowledge, the result of
Theorem2 is the only instance where the full generating series of suchDT invariants
is proven to be given by a vector valued modular form.
The basic example of X in Theorem 2 is the Lefschetz pencil of quartics π : X ⊂
P3 × P1 → P1 (generic divisor of type (4, 2)) which is a Calabi-Yau threefold, and
via the projection to P1, is realized as a K3 fibration with 216 nodal fibers. In this
case k = 2, and Φπ˜(q) is explicitly evaluated in [MP13] for the nonsingular mod-
els of the Lefschetz pencil of quartics, and hence Z(X, q) is completely known by
Theorem 2.
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2. THREEFOLDS FIBERED OVER CURVES
Let π : X → C be as in (3) and the conditions (⋆i)-(⋆iv) in Section 1.2 are satisfied.
By Bertini’s theorem general fibers of π are nonsingular. In other words, we allow
finitely many fibers to be possibly singular or even non-reduced. A typical example
for such an X is the Enriques Calabi-Yau threefold considered by [MP06b] in the
context of Gromov-Witten theory; it can be realized as a K3 fibration over P1 with
4 doubled Enriques surfaces.
We consider M = ML(X, ch), the moduli space of Gieseker L-stable coherent
sheaves with the Chern character ch. Any geometric point ofM corresponds to the
isomorphism class of a coherent sheaf F which is supported on the fiber(s) of π. In
fact we have:
Lemma 2.1. For any geometric point F ∈ M, the support of F is reduced and connected.
Proof. The support of F is connected since F is stable. To see the support of F is
reduced, denote by S the support of F with the reduced induced structure, and
let I = OX(−S) be the ideal sheaf of S in X. We have ch(I|S) = 1, so since F
is supported on S, we see that F and F ⊗ I have the same Hilbert polynomial.
Tensoring the short exact sequence 0→ I → OX → OS → 0 by F , we get the exact
sequence
F ⊗ I → F → F|S → 0.
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By the stability of F and F ⊗ I, the first map in the sequence above is either an
isomorphism or the zero map (see [HL97][Proposition 1.2.7]). But the former is not
possible (otherwise F|S = 0), so we conclude that the second map in the sequence
above is an isomorphism, and this finishes the proof. 
Proposition 2.2. M admits a perfect obstruction theory with vd(M) = 0.
Proof. By Lemma 2.1 and (⋆ii) in Section 1.2, for any F ∈ M we have F ⊗ KX ∼= F .
Serre duality then implies that
Ext3(F ,F) ∼= Hom(F ,F)∨ ∼= C and Ext2(F ,F) ∼= Ext1(F ,F)∨ .
Therefore, Ext3(F ,F)0 = 0 over M. Proposition follows from [Tho00, Theorem
3.30]. 
Notation. We denote by p : X ×M → M the projection, and let ρ : M → C be
the natural morphism which sends the stable sheaf F with support S to π(S) ∈ C.
The morphism ρ is well-defined by Lemma 2.1. Then the universal sheaf F 1 is
the push forward of a rank r torsion-free sheaf G supported on the codimension 1
closed subscheme
S := Xπ ×ρM
i
−֒→ X ×M.
S is the pullback of the diagonal in C× C, and hence OS(−S) ∼= i
∗ p∗ ρ∗ ωC.
Theorem 2.3. ([Tho00]) The perfect obstruction theory overM mentioned in Proposition
2.2 is given by the following morphism in the derived category:
E• :=
(
τ[1,2]Rp∗(RH omX×M(F,F)
)∨
[−1] → L•M.

The corresponding DT invariant DT(X, ch) is defined as in (2).
2.1. Smooth fibrations. In this section we specialize to the case where the mor-
phism (3) is smooth and the conditions (⋆i)-(⋆iv) in Section 1.2 are satisfied. Then
the fibers of π are nonsingular projective surfaces with trivial canonical bundles.
Definition 2.4. We call a connected component Mc of M a type I component if
ρ(Mc) = C, otherwise we call Mc a type II component. A type II component is
called isolated if it ismorphic to a moduli space of torsion free sheaves on a nonsin-
gular fiber of π. We usually denote a type I component byM0 and an isolated type
II component byMiso.
Mukai in [Muk84] proves that the moduli space of stable sheaves on nonsingular
projective surfaces with trivial canonical bundles is nonsingular. This immediately
implies that
Lemma 2.5. IfMc is a type I or an isolated type II component ofM thenMc is nonsin-
gular. 
We know that for any fiber S of π and any coherent sheaf G supported on S,
Ext3S(G,G) = 0. This essentially implies that a type I componentM0 ofM admits
a perfect ρ-relative obstruction theory (in the sense of [BF97]).
Theorem 2.6. ([Tho00, HT10]) There is a ρ-relative obstruction theory over a type I com-
ponentM0 given by the following morphism in the derived category:(
τ≥1Rp∗ i∗RH omXπ×ρM0(G,G)
)∨
[−1] → L•M0/C.

1F may exist only as a twisted sheaf (see [Tho00, Section 3] for a relevant discussion).
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Proposition 2.7. The ρ-relative obstruction theory over a type I componentM0 given by
Theorem 2.6 induces a perfect obstruction theory F•0 → L
•
M0
overM0.
Proof. Composing the morphism in the derived category in Theorem 2.6 with the
second morphism in the exact triangle L•M0 → L
•
M0/C
→ ρ∗ωC[1], we obtain a
morphism in the derived category
λ :
(
τ≥1Rp∗ i∗RH om(G,G)
)∨
[−1] → ρ∗ωC[1].
Now the two exact triangles below induce a morphism g (the left vertical map) in
the derived category.
Cone(λ)[−1]
(
τ≥1Rp∗ i∗RH om(G,G)
)∨
[−1] ρ∗ωC[1]
L•M0 L
•
M0/C
ρ∗ωC[1]
g
λ
id
Define F•0 := Cone(λ)[−1], then comparing the induced long exact sequences of co-
homologies, one proves that g : F•0 → L
•
M0
defines a perfect deformation-obstruction
theory forM0. 
We use the following proposition to compare the obstruction theories given by
Theorems 2.3 and 2.6 on a type I componentM0:
Proposition 2.8. There exists the following exact triangle in the derived category ofM0:
τ≥1Rp∗ i∗ RH omXπ×ρM0(G,G)→ τ
[1,2]Rp∗ RH omX×M0(F,F)
→ τ≤2Rp∗ i∗ RH omXπ×ρM0(G,G(S))[−1]
Proof. Applying the functor RH om(−,G) to the exact triangle
G(−S)[1] → Li∗i∗G → G,
and using the adjoint property Li∗S ⊢ iS∗, we get the exact triangle
i∗RH om(G,G)→ RH om(F,F) → i∗RH om(G,G(S))[−1].(5)
The result follows by applying Rp∗ and truncating the resulting exact triangle. Note
that after applying Rp∗ to (5) the terms of the resulting exact triangle from left to
right are respectively concentrated in degrees [0, 2], [0, 3], and [1, 3]. Moreover, the
0th cohomologies of the first two terms, and the 3rd cohomologies of the last two
terms are isomorphic. As a result, after truncation we still get an exact triangle. 
Theorem2.3 and Proposition 2.7 give the virtual cycles [M0, E•]vir and [M0, F•0 ]
vir
(see [BF97]). The relation between these two cycles is given by
Proposition 2.9. LetM0 be a type I component, and Ob0 be the locally free sheaf onM0
obtained by restricting Ext1p◦i(G,G(S)) toM0 then
[M0, E
•]vir = ctop(Ob0) ∩ [M0, F
•
0 ]
vir.
Proof. By Proposition 2.8, Ob0 fits into the short exact sequence of the vector bundle
stacks overM0 (see [BF97]):
h1/h0(F•0
∨)
i
−→ h1/h0(E•∨)
j
−→ Ob0 .
Denote by 0Ob0 and 0E•∨ the zero section embeddings of M0. Then this gives the
Cartesian diagram
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h1/h0(F•0
∨)
i
//

h1/h0(E•∨)
j

M0
0Ob0
// Ob0
Now if CM0 is the intrinsic normal cone ofM0, from the diagram above, we get
(see [Kre99], [BF97])
[M0, E
•]vir = 0!E•∨ [CM0 ] = (i ◦ 0F•0
∨)![CM0 ] = 0
!
F•0
∨ ◦ i![CM0 ]
= 0!F•0
∨ ◦ 0!Ob0 [CM0 ] = ctop(Ob0) ∩ 0
!
F•0
∨ [CM0 ]
= ctop(Ob0) ∩ [M0, F
•
0 ]
vir.

For our later application we need to express ctop(Ob0) in terms of the top Chern
class of the tangent sheaf of M0, where Ob0 and M0 are as in Proposition 2.8.
The componentM0 is nonsingular (see Lemma 2.5) with the relative tangent sheaf
TM0/C = Ext
1
p◦i(G,G) (see [HL97, Corollary 4.5.2] and [Leh98]).
Lemma 2.10. Suppose that the dimension of the type I componentM0 is n. Then we have
the following relation in H∗(M0,Q):
ctop(Ob0) = cn(TM0/C) + A · ρ
∗(B).
for some A ∈ An−1(M0) and B ∈ A1(C).
Proof. Grothendieck-Riemann-Roch formula gives:
ch
( 2
∑
j=0
(−1)jExt
j
p◦i(G,G(S))
)
= p∗ i∗
(
ch(G)∨ · ch(G) · ch(OS(S)) · td(Xπ ×ρM0)
)
= (1+ c1(ρ
∗TC)) · ch
( 2
∑
j=0
(−1)jExt
j
p◦i(G,G))
)
Note that ch(Extip◦i(G,G(S))) and ch(Ext
i
p◦i(G,G)) for i = 0, 2 are the pull back
of classes from A∗(C) by the arguments similar to one given in the paragraph after
this lemma. The lemma is proven by an inductive argument on n. 
To find the relation between the virtual cycle [M0, F•0 ]
vir and [M0], we note that
the obstruction sheaf
h1(F•0
∨) ∼= Ext2p◦i(G,G)
is an invertible sheaf onM0. In fact the trace map defines an isomorphism
Ext2p◦i(G,G)
tr
−→ R2(p ◦ i)∗OS,
since by Nakayama lemma it is enough to show that tr gives isomorphism on the
level of fibers over the closed points of M0, and (fiberwise) the trace map is the
Serre duality isomorphism. By Verdier duality and ωp◦i ∼= (p ◦ i)
∗ρ∗(K ⊗ TC) we
get
(6) R2(p ◦ i)∗OS ∼= ((p ◦ i)∗ωp◦i)
∨ ∼= ρ∗(K⊗ TC)
∨.
Using [BF97, Proposition 5.6], we have proven
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Proposition 2.11. Suppose thatM0 is a type I component. Then we have
[M0, F
•
0 ]
vir = ρ∗c1(K
∨ ⊗ωC) ∩ [M0].

Remark 2.12. In more technical terms [M0] = [M0, F•0 ]
vir
red, where the latter is the
reduced virtual class obtained from the obstruction theory F•0 (see [MPT10, KL10,
MP13]).
We finish this section by studying what happens when we restrict the virtual
cycle [M, E•]vir to an isolated type II componentMiso.
Proposition 2.13. Suppose thatMiso is an isolated type II component ofM, and let Tiso
denote the tangent sheaf ofMiso. Then
[M, E•]vir |Miso = ctop(Tiso) ∩ [Miso].
Proof. Applying Rp∗ to the exact triangle (5) in the proof of Proposition 2.8 (with
M0 replaced byMiso) and taking cohomology, we get the following exact sequence
onMiso :
· · · → Homp◦i(G,G)→ Ext
2
p◦i(G,G)→ Ext
2
p(F,F) → Ext
1
p◦i(G,G)→ 0.
Note that G ∼= G(S) in this case. Since Miso is a type II isolated component, by
definition, we obtain the isomorphisms of the locally free sheaves
Ext1p◦i(G,G)→ Ext
1
p(F,F)
∼= Tiso,
from which we conclude that the first map in the sequence above is injective and
hence an isomorphism. Hence, the exact sequence above implies that
h1(E•∨) |Miso
∼= Ext2p(F,F)
∼= Ext1p◦i(G,G).
Now the proposition follows from [BF97, Proposition 5.6]. 
2.2. Smooth K3 fibrations. In this section we assume that the morphism (3) is
smooth and the fibers are K3 surfaces, and the conditions (⋆iii)-(⋆iv) in Section 1.2
are satisfied. Note that in this case, the condition (⋆ii) is automatically satisfied. Let
i : S →֒ X be the inclusion of the fiber of π over a closed point p ∈ C, and suppose
that a stable sheaf F ∈ M is supported on S. Then F = i∗G for a stable rank r
torsion-free sheaf G on S with c1(G) = β and c2(G) = τ. It is easy to see that
(7) i∗β
PD = γPD, (i∗(β
2/2− τ)PD)PD = ch3(F) = ch3
where PD is the Poincare´ dual. Let
(8) v = (r, β, β2/2− τ + r)
be the corresponding Mukai vector andM(S, v) be the moduli space of semistable
sheaves on S with Mukai vector v. By our assumption,M(S, v) contains no strictly
semistable sheaves, and hence it is nonsingular of dimension
2−
∫
S
v · v∨ = 2rτ − (r− 1)β2 − 2(r2 − 1).
The moduli spaceM(S, v) has been thoroughly studied [KY00, Muk84, KY11]. The
following result has been proven in [Muk84] and [HL97, Section 6]:
Proposition 2.14. Let S be a K3 surface and v a primitive Mukai vector as in (8). Then
M(S, v) is deformation invariant toHilbn(S), the Hilbert scheme of n points in S, where
n = β2/2− rch3 − r
2 + 1.
In particular, e(M(S, v)) = e(Hilbn(S)). 
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Remark 2.15. For our later use, we need to extend the construction ofM(X, ch) to
the case where the K3-fibration π : X → C is possibly not projective. We will con-
sider the case where there are finitely many K3 fibers S of π over which L restricts
to a quasi-polarization (see [MP13]). We assume that there is a finite open affine
cover {Uj} of X over C such that πUj is projective and maps Uj to an open subset
of C. In this case, for the compactly supported Chern character vector ch as in (1)
(with F the fiber class) the moduli spaces M(Ui, ch) can be constructed using the
fiberwise polarizations. M(Ui, ch) andM(Uj, ch) are canonically isomorphic over
the overlaps Ui ∩Uj, and so they can be patched together to give a proper scheme
M =M(X, ch) over C. The perfect obstruction theories and the virtual cycles over
M(Ui, ch) constructed in the last section are also glued together to give the corre-
sponding virtual cycles overM; we defineDT(X, ch) as in (2), using the properness
ofM.
Let
V : R2π∗(Z) → C
be the rank 22 local system determined by the K3-fibration π. Let HV denote the
π-relative moduli space of Hodge structures as in [MP13, Section 1.4].2 There exists
a section map σ : C → HV which is determined by the Hodge structures of the
fibers of π:
(9) σ(p) = H0(X,KS) ∈ H
Vp .
For any γPD ∈ H2(X,Z)π and h ∈ Z let
Vp(h,γ) = {0 6= β ∈ Vp|β
2 = 2h− 2, i∗β
PD = γPD},
and Bp(h,γ) ⊆ Vp(h,γ) be the subset containing β ∈ Vp(h,γ) where β is a (1, 1)
class on S (the fiber over p). For any integer h ∈ Z the Noether-Lefschetz number
NLπh,γ is by definition the intersection number of σ(C) with the π-relative Noether-
Lefschetz divisor in HV associated to h and γ.
Bp(h,γ) is finite by [MP13, Proposition 1], and B(h,γ) = ∪p B(h,γ) ⊂ V can be
decomposed into
BI(h,γ)∐ BI I(h,γ)
where the first component defines a finite local system ǫ : BI(h,γ) → C, and the
second component is an isolated set. LetMǫ be the type I component ofM corre-
sponding to the local system ǫ, and let
DT(X, ǫ) = deg([Mǫ, E
•]vir)
be the contribution of this component to DT(X, ch). By Propositions 2.9 and 2.11
we have
[Mǫ, E
•]vir = ctop(Obǫ) ∩ [Mǫ, F
•
ǫ ]
vir,
[Mǫ, F
•
ǫ ]
vir = ρ∗c1(K
∨ ⊗ ωC) ∩ [Mǫ].(10)
On the other hand, if α ∈ BI I(h,γ) supported on the fiber S is a result of a transver-
sal intersection of σ(C) with a Noether-Lefschetz divisor, then the corresponding
connected component Mα is an isolated type II component of M in the sense of
Definition 2.4 and is isomorphic toM(S, v) where v is given as (8). By Proposition
2.13 we have
2In [MP13, Section 1.4] this is denoted byMV .
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(11) [Mα, E
•]vir = ctop(TMα) ∩ [Mα].
We let
DT(X, α) = deg([Mα, E
•]vir)
to be the contribution ofMα to DT(X, ch).
Proof of Theorem 1. We compare the contributions of BI and BI I to DT(X, ch) and the
Noether-Lefschetz numbers. Using the notation above
DT(X, ǫ) =
∫
[Mǫ]
ctop(Obǫ) · ρ
∗c1(K
∨ ⊗ ωC)
=
∫
[M(S,v)]
ctop(TM(S,v)) ·
∫
BI (h,γ)
ρ∗c1(K
∨ ⊗ ωC)
= e(Hilbh−rch3−r
2
(S)) ·
∫
BI (h,γ)
ρ∗c1(K
∨ ⊗ ωC),
where the first equality is because of (10), the second equality holds by Lemma 2.10,
and the last equality is due to Proposition 2.14.
By virtue of (6) and (9), and the argument in the proof of [MP13, Theorem 1],∫
BI(h,γ)
ρ∗c1(K
∨ ⊗ωC) gives the contribution of BI(h,γ) to NL
π
h,γ.
Next, suppose that α ∈ BI I(h,γ). Using the deformation invariance of DT invari-
ants and the intersection numbers, we may assume that the corresponding com-
ponent Mα is an isolated type II component after possibly a small analytic per-
turbation of the section σ (which locally turns a multiplicity n intersection into n
transversal intersections).3 Once this is done, the contribution of α to NLπh,γ is ex-
actly 1, and moreover we can use (11) and Proposition 2.14 to deduce
DT(X, α) =
∫
Mα
ctop(TMα) = e(Hilb
h−rch3−r
2
(S)).
The proof of theorem is completed by adding the correction term involving the
Kronecker delta function to take into account the contributions of β = 0 toDT(X, ch).

By formula (4), Theorem 1 implies the following symmetry in the invariants:
Corollary 2.16. Suppose that ch is as in (1), and k ∈ Z, r′ ∈ Z+ are such that
r′ | rch3γ · L+ kF · L
2/2+ r2
and ch′ = (0, r′F,γ + kF · L, (rch3 + γ · L + kF · L2/2+ r2)/r′ − r′) satisfies (⋆iv) in
Section 1.2. Then DT(X, ch) = DT(X, ch′).

2.3. Nodal K3 fibrations. In this section we consider the situation where X is a
projective nonsingular threefold and the morphism (3) is smooth except at finitely
many fibers; the smooth fibers are K3 surfaces, and the singular fibers are the con-
traction of nonsingular K3 surfaces at finitely many −2-curves. Therefore, finitely
many fibers can have ordinary double point singularities (ODP).4 Note that in this
case, the condition (⋆ii) in Section 1.2 is automatically satisfied. We assume that the
condition (⋆iii) is also satisfied, and moreover
3This can be done, becauseMα being a compact isolated component of the moduli space, is entirely
contained in ρ−1(∆) where ∆ ⊂ C is a small open disk.
4Using the deformation invariance, finding the DT invariants of X, when the singularities of the fibers
are of more general type of rational double points (RDP), may be reduced to this case.
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Assumption 1. We assume throughout this section that in the Chern character vector (1),
r = 1, so in particular (⋆iv) in Section 1.2 is satisfied for any choice of ch2, ch3.
5
Let s1, . . . , sk ∈ X be the singular points of the fibers of X, and assume that there
are k′ > 0 singular fibers in X over c1, . . . , ck′ ∈ C. If k
′ is even, define c0 = c1 and
if k′ is odd, define c0 to be an arbitrary point of C distinct from c1, . . . , ck′ . Define
ǫ : C˜ → C to be the double cover of C branched over the points c0, . . . , ck′ . The
fiber product ǫ∗(X) is a threefold with conifold singularities exactly at the inverse
images of si’s. Denote by X˜ its small resolution with the exceptional nonsingular
rational curves e1, . . . , ek, and let π˜ : X˜ → C˜ be the induced morphism. The normal
bundle of ei in X˜ is isomorphic to OP1(−1) ⊕ OP1(−1) [Ati58]. Moreover, we let
ǫt : Ct → C be a double cover of C branched at k+ 2{k/2} generic points of Cwhen
t 6= 0 and C0 = C˜, and define Xt = ǫ∗t (X).
Our plan is to relate the DT invariants of X˜ and Xt which differ by the conifold
transitions. As in GW theory [LY04], [LR01] this can be done using the degeneration
techniques. It is possible that X˜ is no longer projective in which case we use the
modifications of Remark 2.15 to define the DT invariants. See Appendix A for a
review of the degeneration techniques in DT theory.
We start with the good degenerations (see Appendix A)
X˜ Y
⋃
D1,...,Dk
k
∐
i=1
P1 and Xt  Y
⋃
D1,...,Dk
k
∐
i=1
P2
where the nonsingular projective threefold Y is the blow up of ǫ∗(X) at the inverse
images of si’s with the exceptional divisors Di ∼= P
1 ×P1,
P1 ∼= P(OP1 ⊕OP1(1)
2),
and P2 is a nonsingular quadric in P
4. The first degeneration is the degeneration
to the normal cone [Ful98] in which Di ⊂ Y is attached to the divisor at infinity
H1 = P(OP1(1)
2) in the i-th copy of P1. The second degeneration is called the
semistable reduction of a conifold degeneration [LY04] in which Di ⊂ Y is attached
to a smooth hyperplane section H2 in the i-th copy of P2. For i = 1, 2 let ch
i be a
Chern character vector on Pi such that ch
i
0 = 0 and ch
i = Hi, and letM(Pi/Hi, ch
i)
be the corresponding moduli space of stable sheaves.
Lemma 2.17. M(Pi/Hi, ch
i) admits a perfect deformation-obstruction theory.
Proof. The canonical bundle of Pi is KPi
∼= −3Hi. So for any geometric point F of
the moduli space, we have Ext3(F ,F) ∼= Hom(F ,F ,⊗KPi) = 0 by the stability of
F and Serre duality. 
We denote by X1 → A
1 and X2 → A1 the total spaces of the first and second
degenerations above. Let Xi → C be the corresponding stack of expanded degener-
ations (see Appendix A).
Define open subsets Vi = C˜ \ {ǫ
−1(c1), . . . , ǫ̂−1(ci), . . . , ǫ
−1(ck′)}, and let the in-
vertible sheaves Lt and L˜ on Xt and X˜ be as follows:
Lt = ǫ
∗
t (L), and L˜ = ǫ˜
∗(L)−
k
∑
i=1
D˜i
where ǫ˜ : X˜ → X is the natural morphism, and D˜i is a divisor on X˜ with ei · D˜i = −2
and e · D˜i = 0 for any other curve e onUi = π˜
−1(Vi). Lt defines a polarization on Xt
5In fact, if r = 1, any pure coherent sheaf on X with the Chern character as in (1) is Gieseker stable.
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and L˜ defines a polarization onUi for each i = 1, . . . , k
′. Let Ft, F˜, and F
′ respectively
be the class of fibers in the fibrations Xt → Ct, X˜ → C˜, and Y → C˜, and ch
t, c˜h, and
ch
′ be the Chern character vectors on respectively Xt, X˜, and Y such that
ch
t
0 = c˜h0 = ch
′
0 = 0, ch
t
1 = Ft, c˜h1 = F˜, ch
′
1 = F
′.
Note that we put no restrictions on ch′k, c˜hk, ch
t
k for k = 2, 3. Let M
Lt(Xt, cht) and
ML˜(X˜, c˜h) be the corresponding moduli spaces of stable sheaves. Note that L˜ is
a polarization on Ui’s and M(X˜, c˜h) is constructed by gluing the moduli spaces
M(Ui, c˜h) as in Remark 2.15.
Fix an invertible sheaf L1 on X1 whose restriction to a general fiber is L˜ and to Y
is
L′ := b∗L−
k
∑
i=1
Di,
where b : Y → X is the natural morphsim. Similarly, fix a relatively ample invertible
sheaf L2 onX2 whose restriction to a general fiber is Lt and to Y is L′. The invertible
sheaf L′ defines a polarization on Y. Let chi for i = 1, 2 be a Chern character vector
on Xi/C whose restriction to a general fiber over C is respectively c˜h and ch
t. For
1 ≤ g ≤ k, and 1 ≤ i1, . . . , ig ≤ k, let ch
i1,...,ig be a Chern character vector on Y, with
ch
i1,...,ig
0 = 0 and ch
i1,...,ig
1 = F
′ − Di1 − · · · − Dig . We let
ML
′
(Y/D1, . . . ,Dk, ch
′), ML
′
(Y/D1, . . . ,Dk, ch
i1,...,ig), M(Xi/C, ch
i)
be the corresponding relative moduli space of stable sheaves (Appendix A).
Lemma 2.18. Using the notation above, we have
i) M(Xi/C, ch
i) admits a perfect obstruction theory relative to C and a virtual cycle of
dimension 1.
ii) M(Y/D1, . . . ,Dk, ch
′) admits a perfect deformation-obstruction theory and a virtual
cycle of dimension 0.
iii) M(Y/D1, . . . ,Dk, ch
i1,...,ig) admits a perfect deformation-obstruction theory with vir-
tual cycle equal to zero.
Proof. i) For any geometric point F of the moduli space Ext3(F ,F)0 = 0 by Serre
duality and the stability of F and noting that F ∼= F ⊗ ωXi/A1 where ωXi/A1 is the
relative dualizing sheaf.
ii) For any geometric point F of the moduli space Ext3(F ,F)0 = 0. This is be-
cause we know that KY ∼= D1 + · · · + Dk and F · Di = 0, and since c1(F) = F by
assumption, Serre duality and the stability of F imply that
Ext3(F ,F) ∼= Hom(F ,F)∨ ∼= C,
and hence Ext3(F ,F)0 = 0.
iii) For simplicity we assume g = i1 = 1. By Serre duality
Ext3(F ,F) = Hom(F ,F(D1))
∗
for any geometric point F of the moduli space. But F is the push forward of a
rank 1 torsion free sheaf G on a nonsingular K3 surface, where G is an ideal sheaf of
points I twisted by an invertible sheaf. Therefore,
Hom(F ,F(D1)) ∼= HomK3(I , I(eˆ1)),
where eˆ1 ∼= P
1 is given as the intersection of D1 with the proper transform of the
fiber containing the curve e1. Since eˆ1 is a −2-curve on a K3 surface, we know
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that H0(O(eˆ1)) = C which implies that Ext
3(F ,F) ∼= HomK3(I , I(eˆ1))
∗ ∼= C, and
hence Ext3(F ,F)0 = 0 as required.
To prove the vanishing of the virtual cycle, we show that the virtual dimension
is negative. By the Hirzebruch-Riemann-Roch calculation:
ext0(F ,F)− ext1(F ,F) + ext2(F ,F)− ext3(F ,F)
=
∫
Y
((F− D1) + · · · )(−(F− D1) + · · · )(1−
1
2∑
i
Di + · · · )
= (F− D1)
2 · D1/2 = 1,
from which we get ext1(F ,F)− ext2(F ,F) = −1. Hence the virtual cycle is zero.

Suppose that P ∈ Q[m] is a degree 2 polynomial with the leading coefficient
equal to FL2/2. We define
DTL(X, P) = ∑
PL(ch)=P
DT(X, ch),
where the sum is over all the Chern characters ch (of the form (1) with r = 1) with
the Hilbert polynomial PL(ch) = P. Similarly, we can define
DTLt(Xt, P), DTL˜(X˜, P), DTL′(Y, P), . . . .
Note that L˜ is a polarization only over Ui’s, but since any coherent sheaf under
consideration is supported on a fiber DTL˜(X˜, P) is well-defined.
Now we are ready to state the conifold transition formula for our DT invariants:
Proposition 2.19. (Conifold Transition Formula) Suppose that P ∈ Q[m] is a degree 2
polynomial with the leading coefficient equal to FL2/2. Then,
DTLt(Xt, P) = DTL˜(X˜, P).
Proof. By Lemma 2.18M(X1/C, ch
1) admits a perfect obstruction theory. Applying
the degeneration formula (19) in Appendix A which follows from the naturality of
the virtual cycle [M(X1/C, ch
1)]vir, and using part ii) of Lemma 2.18 and Lemma
2.17, we can express DTL˜(X˜, P) in terms of the degrees of the product of the virtual
cycles of the relative moduli spaces of Y and P1. There are two possibilities for
a geometric point F in the central fiber of M(X1/C, ch
1). Either F is completely
supported on Y (and possibly its degenerations) or there are some i1, . . . , ig such
that
ch
′
1(F|Y) = F− Di1 − · · · − Dig , ch
ij
1 (F|P
ij
1
) = Hij
where P
ij
1 is the ij-th copy of P1. Only the former case contributes because of the
vanishing of the virtual cycle proven in part iii) of Lemma 2.18. Therefore,
DTL˜(X˜, P) = DTL′(Y/D1, . . . ,Dk, P).
Similarly, using the degeneration formula (19) which follows from the naturality
of the virtual cycle [M(X2/C, ch2)]vir, we can express DTLt(Xt, P) in terms of the
degrees of the product of the virtual cycles of relative moduli spaces of Y and P2.
Again by the same argument as in the last paragraph by distinguishing two similar
cases and using Lemmas 2.18 and 2.17 we get
DTLt(Xt, P) = DTL′(Y/D1, . . . ,Dk, P).
Now the lemma follows from the last two identities.

14 AMIN GHOLAMPOUR AND ARTAN SHESHMANI
Now we choose k′ generic fibers S1, . . . , Sk′ of X → C. By our assumption Si is
a nonsingular K3 surface. LetM(X/S1, . . . , Sk′ , ch) be the relative moduli space of
stable sheaves with the Chern character ch (given in (1)). By our conditions, one can
see similar to the proof of Lemma 2.18 that M(X/S1, . . . , Sk′ , ch) admits a perfect
obstruction theory and a virtual class of dimension zero.
LetXi = Si×P
1. ThenXi is a smoothK3-fibration overP
1. We denote the class of
the fibers by Fi, and ch
i a Chern character vector onXi such that ch
i
0 = 0 and ch
i
1 = Fi
(and no restrictions on chi2 and ch
i
3). LetM(Xi/Si, ch
i) be the corresponding relative
moduli space of stable sheaves.
Lemma 2.20. DT(Xi/Si, ch
i) = 0.
Proof. Xi is a smooth K3 fibration, and Theorem 1 can be applied. Since Xi is a
trivial K3 fibration,M(Xi/Si, ch
i) has no type II components. In this case, K ∼= ωC,
so ρ∗c1(K
∨ ⊗ ωC) = 0, and hence DT(Xi, ch
i) = 0. Next, by the degeneration
formula (19) applied to Xi  Xi∐Si Xi and the irreducibility of the class Fi, we get
2DT(Xi/Si, ch
i) = DT(Xi, ch
i)
from which the result follows. 
Lemma 2.21. DT(X/S1, . . . , Sk′ , ch) = DT(X, ch).
Proof. We consider the good degeneration X  X∐S1,...,Sr Xi, and apply the degen-
eration formula (19). The irreducibility of the class F, and the vanishing result of
Lemma 2.20 proves the claim. 
We use Lemma 2.21 to relate the DT invariants of X to Xt. To achieve this, we
use the good degeneration of Xt obtained by degenerating its base C˜ to two copies
of C followed by attaching two copies of X along the generic fibers S1, . . . , Sk′ . The
degeneration formula (19) then implies that
DTLt(Xt, P) = 2DTL(X/S1, . . . , Sk′ , P).
This together with Lemma 2.21 and Proposition 2.19 proves
Theorem 2.22. Suppose that P ∈ Q[m] is a degree 2 polynomial with the leading coeffi-
cient equal to FL2/2. Then DTL(X, P) = DTLt(X˜, P)/2.

Proof of Theorem 2. By [Got90] we know
∑
n≥0
e(Hilbn(K3)) · qn =∏
n≥1
1
(1− qn)24
,
so ∑
n≥0
e(Hilbn(K3)) · qn−1 = ∆(q)−1. Combining this formula with the results of
Theorems 1 and 2.22, we can express the generating function of the DT invariants
in terms of the product of two modular forms:
Z(X, q) =
Φπ˜(q)
2∆(q)
.

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APPENDIX A. RELATIVE MODULI SPACE OF SHEAVES AND A DEGENERATION
FORMULA
In this appendix we review a part of the construction of Li and Wu in [LW11]
and explain briefly how the moduli space of relative stable sheaves and the relative
DT invariants can be defined in the special situation that is needed in this paper
(Section 2.3).
Let q : W → A1 be a good degeneration of the projective threefolds, i.e.
(1) W is smooth,
(2) all the fibers except π−1(0) are smooth projective threefolds,
(3) π−1(0) = W1 ∪D W2 where Wi is a smooth threefold, D ⊂ Wi is smooth
divisor, and π−1(0) is a normal crossing divisor inW.
Li and Wu in [LW11] construct the Artin stack of expanded degenerations
W
p
//

W
q

C
r
// A1.
Away from r−1(0) the family W is isomorphic to the original family
W\π−1(0) → A1\0.
The central fiber π−1(0) of the original familyW → A1 is replaced inW by a (non-
disjoint) union over all k of the k-step degenerations
W[k] = W1 ∪D P(O ⊕ N
∨
D) ∪D P(O⊕ N
∨
D) ∪D · · · ∪D P(O ⊕ N
∨
D) ∪D W2
together with the automorphisms C∗k induced from the C∗-action along the fibers
of the standard ruled variety P(O⊕N∨D). Similarly, for a pair of a smooth projective
threefold Y and a smooth divisor D ⊂ Y, the Artin stack of relative pairs
Y
p
//

Y

A // spec C
is defined in [LW11] using the k-step degenerations
Y[k] = Y ∪D P(O⊕ N
∨
D) ∪D P(O ⊕ N
∨
D) ∪D · · · ∪D P(O ⊕ N
∨
D)
together with the automorphisms C∗k as above. We refer to the j-th ruled compo-
nent (from left to right) of Y[k] or W[k] by ∆j and for convenience ∆0 := Y in the
relative case and ∆0 := W1,∆k+1 := W2 in the degeneration case; we also refer to the
zero and infinity sections of the j-th ruled component by Dj and Dj−1, respectively
(if k = 0 we take D0 := D). Let πi : ∆i → D be the natural projection.
Definition A.1. ([LW11, Definition 3.1, 3.9, 3.12]) Let F be a coherent sheaf on a
C-scheme T of finite type, and suppose that Z ⊂ T is a closed subscheme. F is
called normal to Z if TorOT1 (F ,OZ) = 0. A coherent sheaf F on Y[k] orW[k] is called
admissible if F is normal to all Dj for j = 0, . . . , k.
Suppose that V is a locally free sheaf on Y (respectively on W), and O(1) be
an ample invertible sheaf on Y (respectively W → A1). Li and Wu construct the
Quot schemes QuotV ,PY/D (respectively Quot
V ,P
W/C) of quotients φ : p
∗V → F on Y[k]
(respectively onW[k]) for some k satisfying
(1) F is addmissible,
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(2) φ has finitely many automorphisms covering the automorphisms induced
by the C∗k-action on the target space,
(3) The Hilbert polynomial of F with respect to p∗O(1) is P.
Moreover, they show that QuotV ,PY/D (respectively Quot
V ,P
W/C) is a separated, proper
over (respectively separated, proper over A1), Deligne-Mumford (DM) stack of fi-
nite type ([LW11, Theorems 4.14 and 4.15]).
Even though the line bundle p∗O(1) is used for distingushing the components of
QuotV ,PY/D and Quot
V ,P
W/C, for the construction of the moduli space of sheaves onY/A
and W/C we will need to modify it so that it restricts to a Q-ample divisor on the
support of our 2-dimensional sheaves in Y[k]’s orW[k]’s. We here treat the relative
case Y/A. The degeneration case W/C can be handled similarly.
First recall the construction of Y → A. It is constructed as the limit of stack
quotient of Y(k) → Ak by certain equivalence relations (see [LW11]) where Y(k) is
defined inductively by
(Y(0),D(0)) := (Y,D), Y(k) := BlD(k−1)×0(Y(k− 1)× D(k− 1)) k ≥ 1,
with D(k) being the prober transform of D(k− 1)×A1. The morphism p : Y → Y
is induced from the natural projections p : Y(k) → Y that we also denote by the
same symbol p.
For any k ≥ 0, we define6
H˜k := mH −
k
∑
i=1
gi∆(i)
where H := p∗O(1), ∆(i) := ∆i ×A
k−i and
(12) g1 = 1, g2 = 3/2, g3 = 7/4, . . . , gk = 2− 1/2
k−1.
One can check that H˜k is invariant under all equivalence relations onY(k) and hence
descends to a relative Q-Cartier divisor H˜ onY→ A.
Lemma A.2. Let F be an admissible pure 2-dimensional sheaf on Y[k] so that F|Di is pure
1-dimensional, and the support of F|∆i is integral for any i = 0, . . . , k, then H˜|supp(F ) is
very ample for m≫ 0.
Proof. First of all, if C is any curve in ∆0 or in Di for i > 1, and also if G is a 2-
dimensional subvariety of ∆0 or is one of Di for i > 1 then we have
H˜k · C > 0, H˜
2
k · G > 0
all because m≫ 0, and H is ample on Y.
Next suppose fi is the class of a fiber of ∆i for i > 0 and Gi := π
−1
i (C) where
C ⊂ D ⊂ X is a curve then using the relations
∆2i = −Di−1− Di i = 1, . . . , k, ∆
2
k = −Dk−1,
in the total space of Y(k), and the fact that m≫ 0 we can see that
H˜k · fi > 0, H˜
2
k · Gi > 0
are satisfied provided that
2g1 > g2, 2g2 > g1 + g3, . . . , 2gk−1 > gk−2 + gk, gk > gk−1, g0 = 0, k ≥ 1.
It is now easy to see that the choice given in (12) satisfies these inequalities. 
6We have dropped the obvious pullback symbols from the notation.
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Lemma A.3. i) Let F be as in Lemma A.2 so that
γ := ch2(F), supp(F|∆i ) = π
−1
i (πi(supp(F|Di−1))),
and suppose F is H˜- semistable for m≫ 0. Then F is H˜-stable.
ii) Let F be exactly as in part i) except that instead for some 1 < j ≤ k the class of
supp(F|∆j) is the same as the class of Dj−1. Then F is H˜-stable.
Proof. We prove part i) for k = 1. The other cases are similar. Let
∆′i := ∆i ∩ supp(F), D
′
i := Di ∩ supp(F) i = 0, 1.
The H˜1-semistability is implies
(γ1− D
′
0) · H˜1
∆′1 · H˜
2
1
≤
γ · H˜1
(∆′0 + ∆
′
1) · H˜
2
1
≤
γ1 · H˜1
∆′1 · H˜
2
1
.
Suppose that
r := γ · D0 ∈
1
2
Z, l := ∆′0 · H
2 ∈ Z, u := D′0 · H ∈ Z, d := D · D
′
0 ∈ Z.
Then, by the condition on supp(F|∆i ) and the admissibility ch2(γ|∆1) = aD
′
0 + r f1
for some a ∈ 12Z. We can compute
(∆′0 + ∆
′
1) · H˜
2
1 = m
2l, ∆′1 · H˜
2
1 = 2mu− d, γ1 · H˜1 = a(mu− d) + r.
Taking v := γ · H˜1 the inequalities above are equivalent to
z ≤ a ≤ z+ 1 where z =
(2mu− d)v−m2lr
m2l(2mu− d)
.
Now the denominator and numerator of z are respectively of degrees 3 and at most
2 in m respectively, thus, for m≫ 0 the inequalities above must be strict. 
Lemma A.4. Suppose G is a pure 2-dimensional sheaf in a nonsingular projective threefold
X. Suppose that D ⊂ X is a nonsingular divisor and both G and G∗∗/G are normal to D.
Then, G|D is a pure 1-dimensional sheaf.
Proof. Here as in [HL97, Def. 1.1.7], G∗ = Ext1(G,ωX). By [HL97, Prop. 1.1.10] G
∗∗
is reflexive, the natural map G → G∗∗ is injective, and
G∗∗/G ∼= Ext2(G,ω)
is 0-dimensional. The normality of G implies that supp(G) is transversal to D and
so are supp(G∗) and supp(G∗∗). The normality of G∗∗/G implies that
supp(G∗∗/G) ∩ D = ∅.
Now by [HL97, Lem. 1.1.13] G∗∗|D is pure 1-dimensional, so restricting the natu-
ral short exact sequence
0→ G → G∗∗ → G∗∗/G → 0
to D and using the above facts about the support of G∗∗/G, we conclude G|D ∼=
G∗∗|D and hence is pure 1-dimensional. 
Fix a degree 2 polynomial P and N ≫ 0. We will consider the moduli space of
the following objects:
(1) F is a pure 2-dimensional sheaf on Y[k] for some k so that the Hilbert poly-
nomial of F with respect to H = p∗O(1) is P.
(2) F and F ∗∗/F are admissible.
(3) F is semistable with respect to H˜ for m≫ 0.
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(4) There exists a surjection
V = ⊕
P(N)
i=1 p
∗O(−N)
s
−→ F
such that the pair (F , s) has only finitely many automorphism covering C∗k-
automorphisms of Y[k].
Now for any S-family Y ∈ Y(S) of relative pairs, an S-valued point of themoduli
stack M(Y/D, P) is by definition an S-flat family F of sheaves whose restriction
to each fiber of Ys over a closed point s ∈ S satisfies conditions (1)-(4) above. A
1-morphism between two S-valued points (F ,Y) and (F ′,Y ′) is a 1-morphism
σ : Y → Y ′ in Y(S) such that F ∼= σ∗F ′.
A smooth atlas for this moduli stack is obtained by
(13) ∐
k≥0
[
Quotp
∗V ,P(Y(k)/Ak)◦/C∗k
]
→M(Y/D, P),
where ◦ stands for the open subset of the usual Quot scheme Quotp
∗V ,P(Y(k)/Ak)
of quotients satisfying conditions (1)-(4). The openness of condition (3) is standard,
and the openness of conditions (2) and (4) was proven by [LW11]. For each k the
quotient stack is a Deligne-Mumford stack by the condition (4) as in [LW11]. The
arrow in (13) is induced by the universal family over Quotp
∗V ,P(Y(k)/Ak)◦. By
the standard arguments then it follows that M(Y/D, P) is an Artin stack of finite
type. Here, we are also using the boundedness result of [LW11] as well as the usual
boundedness of the semistable sheaves with fixed Hilbert polynomials.
Remark A.5. It can be seen that M(Y/D, P) is the stack quotient (see [R05]) of Li-
Wu Quot stack
M(Y/D, P) ∼= QuotV ,PY/D /GL(P(N)).
Since any coherent sheaf has automorphisms which act as multiples of the iden-
tity, one can see that M(Y/D, P) is C∗-gerb over an Artin stack that we denote by
M(Y/D, P). In the case that there are no strictly semistable sheaves (with respect
to H˜), by the condition (4) above and the argument in [LW11], M(Y/D, P) is a
Deligne-Mumford stack.
By the virtue of Assumption 1, one can check that in all the degeneration situa-
tions considered in this paper we can arrange for the following assumption to be
satisfied. The key point is that under r = 1 condition in Section 2.3, any pure co-
herent sheaf with reduced irreducible support is Gieseker stable with respect to any
polarization.
Assumption 2. Any closed point of the moduli stackM(Y/D, P) corresponds to a coher-
ent sheaf F on Y[k] for some k satisfying the conditions in Lemmas A.2 and A.3.
Suppose that Assumption 2 is satisfied. First of all, by Lemma A.3 and the dis-
cussion aboveM(Y/D, P) is a Deligne-Mumford stack. Note that since we require
the Hilbert polynomial with respect to H to be P, by admissibility of F , the support
of F can be of one of the forms in Lemma A.3.
Moreover, by Assumption 2, Li-Wu’s proofs of separatedness/propernesswill go
through to prove the separatedness/properness of our moduli stack M(Y/D, P).
In fact, the main ingredients of Li-Wu proofs is first, the error function by which
they measure the deviation from the admissibility, and second, the separatedness/
properness of the usual Grothendieck’s Quot schemes. They show that after finitely
many steps of modifications of a given non-admissible sheaf, their error function
eventually vanishes and hence they attain admissibility. We use exactly their error
function to control the admissibility, but instead of the quot schemes, we use the
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separatendness/propernessof the usual moduli space of stable sheaves, noting that
again by Lemma A.3, we allow no H˜-strictly semistable sheaves with the given
Hilbert polynomial P.
Suppose for a given coherent sheaf corresponding to a closed point ofM(Y/D, P),
the Hilbert polynomial of F|Dk with respect to H is P0 (it is a degree 1 polyno-
mial). By Lemma A.4, F|Dk is a pure 1-dimensional sheaf. Suppose now that for
any pure coherent sheaf F0 with Hilbert polynomial P0 of our interest, we know
that supp(F0) is reduced and irreducible; so F0 is stable with respect to any po-
larization and hence corresponds to a closed point of the moduli space of stable of
H|D-stable sheaves, denoted byM(D, P0). Therefore, the restriction to the relative
divisor defines a natural morphism
(14) M(Y/D, P)→M(D, P0).
Similarly, using parallel Assumption 2 and Lemmas A.2-A.4 in the degeneration
case, we can construct the Deligne-Mumford moduli stackM(W/C, P) which is a
finite type, separated and proper over C.
Since we do not allow strictly semistable sheaves, in particular any closed point
F ∈ M(Y/D, P) (respectively M(W/C, P)) is simple, so if we additionally have
Ext3(F ,F)0 = 0 then, by the standard arguments [Tho00, HT10, MPT10], there is a
perfect obstruction theory relative to the base A (respectively C) given by
(15)
(
τ[1,2]Rπ∗(RH om(F,F))
)∨
[−1],
where F is the universal sheaf (see the footnote on page 5) and π denotes the pro-
jections
M(Y/D, P)×A Y→M(Y/D, P), M(W/C, P)×C W→M(W/C, P).
Hence we get the virtual cycles
[M(Y/D, P)]vir ∈ An(M(Y/D, P)), [M(W/C, P)]
vir ∈ An+1(M(W/C, P)),
where n is the rank of the obstruction theory above. From now on we assume that
n = 0, in which case, we can define the relative DT invariant
DT(Y/D, P) = deg [M(Y/D, P)]vir.
By naturality of the virtual cycle, the restriction of [M(W/C, P)]vir to a general
fiber Wt of q : W → A1 is [M(Wt , P)]vir ∈ A0(M(Wt, P)), and the degeneration
formula for DT invariants can be expressed as
(16) deg[M(Wt, P)]
vir = deg[M(W†0/C
†
0, P)]
vir,
where
W†0
//

W

C†0
// C
is the stack of node marking objects in W0 as defined in [LW11, Section 2.4] and
M(W†0/C
†
0, P) ⊂M(W/C, P) is the corresponding open and closed subset.
Now suppose that themoduli spaceM(D, P0) is nonsingular. This is well-known
to be the case if D is a semi-Fano surface, e.g. K3 or P2. In this situation one can
expand the right hand side of (16) into a more useful formula. Given the triple of
Hilbert polynomials η := (P1, P0, P2) of degrees (2, 1, 2) satisfying P = P1− P0 + P2,
we can form the following Cartesian diagram
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MP1,P0,P2 //

M(W†0/C
†
0, P)

C
†,P1,P0,P2
0
// C
where the superscripts Pi stand for the substack of C decorated by the given Hilbert
polynomials (see [LW11]). Similarly, we will consider the substacks AP1 ,P0 ,AP2,P0 of
A. We have the commutative diagram
M(W1/D, P1)×M(D,P0)M(W2/D, P2)
Φ
//

MP1,P0,P2

AP1 ,P0 ×AP2,P0
∼=
// C
†,P1,P0,P2
0
in which Φ is an isomorphism for the same reason as in [LW11, Theorem 5.27].
Using this isomorphism, we can form the following Cartesian diagram
(17) MP1,P0,P2 //

M(W1/D, P1)×M(W2/D, P2)

M(D, P0)
∆
//M(D, P0)×M(D, P0)
in which the vertical morphisms are defined by the restriction to the relative divi-
sors as in (14).
Suppose that F,Fi,FD are the universal families on
Mη ×
C
†,η
0
W
†,η
0 , M(Wi/D, Pi)×APi,P0 Y
Pi,P0 , M(D, P0)× D,
respectively and π denotes the projections to the first factors in all the above prod-
ucts. Consider the following perfect obstruction theories
F• :=
(
τ[1,2]Rπ∗(RH om(F,F))
)∨
[−1]
f
−→ L•
Mη/C
†,η
0
,(18)
F•i :=
(
τ[1,2]Rπ∗(RH om(Fi,Fi))
)∨
[−1]
fi
−→ L•
M(Wi/D,Pi)/A
Pi,P0
, i = 1, 2,
F•D := (Rπ∗(RH om(FD ,FD))0)
∨ ∼=−→ L•M(D,P0)
∼= ΩM(D,P0),
where in the last we are assuming that D is semi-Fano (and hence smoothness of
M(D, P0)). These all fit into the following commutative diagram in which the rows
are exact triangles:
F•D
//
∼=

⊕2i=1F
•
i
//
( f1, f2)

F•
f

L•Mη/M(W1/D,P1)×M(W2/D,P2)
// ⊕2i=1L
•
M(Wi/D,Pi)/A
Pi,P0
// L•
Mη/C
†,η
0
.
Here the exactness of the upper row follows from the natural short exact sequence
0→ F → F1 ⊕ F2 → FD → 0
and the admissibility conditions, and the bottom row is the natural exact triangle
of the cotangent complexes. The first column is an isomorphism because of the last
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line of (18), diagram (17) and the isomorphism
ΩM(D,P0)
∼= L•M(D,P0)/M(D,P0)×M(D,P0)[−1].
Now the last diagram together with the argument in [LW11, Section 6] (and also
[MPT10]), implies the following degeneration formula
(19)
deg[M(Wt, Pt)]
vir = ∑
P=P1−P0+P2
deg
(
[M(W1/D, P1)]
vir × [M(W2/D, P2)]
vir
)
where the sum is over all possible splitting of the Hilbert polynomial P onWt into
the Hilbert polynomials P1, P0, P2 onW1,D,W2 as in the above discussion.
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